RELATIONS
Let A and B be sets.

A binary relation or, ssmply, relation from A to B 1s a subsetof A x B.

(1) (a,b) € R; we then say “a 1s R-related to b, written aRb.
(11) (a,b) ¢ R; we then say “a 1s not R-related to b”, written cﬂ}.

Seja R < AXB uma relacéo binaria.
Dom(R)={x € A:(X,y) € R}, dominio da relacao
ImM(R) ={y e B:(X,y) € R}, imagem da relacao



EXAMPLE
1. A={1,2,3} e B={x,y,z} e R={(1,y),(1,2),(3,2)}.

IRy, 1Rz, 3Ry, 1 Rx,2Rx,2Ry,2Rz,3Rx, 3Rz
Dom(R) = {1, 3},Im(R) ={y, z}

2. A familiar relation on the set Z of integers 1s “m divides n.’

m |n when m divides n. Thus 6|30 but 7 J 25.




Inverse Relation

Let R be any relation from a set A to a set B

The jgverse of R. denoted by R~', is the relation from B to A

R~ = ((b,a)|(a,b) € R)

For example, let A = {1, 2, 3} and B = {x, v. z}.

Then the inverse of

R=1{(1,y),(1,2),3,y)} is R~'={(, 1,1, 3)



Seja R < AXB uma relacao binaria.
Dom(R™) ={y € A:(x,y) € R}, dominio da relacéo
IM(R™) ={x eB:(x,y) € R}, imagem da relacéo
Logo,
Dom(R) =Im(R ™)
ImM(R) = Dom(R™)



REPRESENTATIVES OF RELATIONS

Seja T < RXR uma relacao binaria, tal que, "(x,y) € T see x° +y? = 25",




Directed Graphs of Relations on Sets
relation R on the set A = {1, 2, 3, 4}:
R=1{(1,2),(2,2),(2,4),(3,2),(3,4), (4, 1), (4, 3))




Pictures of Relations on Finite Sets
R=1{(1,v), (1,z2), (3, v)}

X ¥V Z
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0 | 0

0 significa que os elementos nao se relacionam
1 significa que os elementos se relacionam



COMPOSITION OF RELATIONS

Let A, B and C be sets,
and let R be a relation from A to B and let § be a relation from B to C.

RcAxBeScBxC

Then R and § Eivﬂ rise to a relation from A to C denoted hz RoS
a(RoS)c if for some b € B we have aRb and bSc.

R o § = {(a, c¢) | there exists b € B for which (a, b) € R and (b, ¢) € S}

RoS 1s called the composition of R and §




EXAMPLE
Let A={1,2,3,4), B={a.b,c.,d),C = {x.y, z} and let

R={(,a),(2,d),3,a).(3,b),3,d)} and S={(b,x),(b,2),(c,y),(d,2))

2(Ro 8)z since 2Rd and d 5S¢
3(RoS)x and 3(RoS):

RoS=1{(22).(3,x)(3,2)




Our first theorem tells us that cnmmsitinn of relations 1s associative.

Theorem

Let A, B, C and D be sets.
Suppose R 1s a relation from A to B, § 1s a relation from B to C, and

T 1s a relation from C to D. Then

(RoS)olT =Ro(So0T)



Composition of Relations and Matrices

Let Mg and M5 denote respectively the matrix representations of the

relations R and S. Then
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,0),(3,d)}  S={(bx),(b,z),(cy)(d2z)}
RoS ={(2,2),(3,X),(3,2)}
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Multiplying M and M5 we obtain the matrix

M=MrpMs =

R e Rl R
R e Rl Bl e T
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e LD D =

RoS ={(2,2),(3,x),(3,2)}

Entradas nao nulas na matriz significam que os elementos se
relacionam.



TYPES OF RELATIONS
A relation R on a set A 1s reflexive if aRa for every a € A, that is,

if (a,a) € R foreverya € A. Thus R 1s
not reflexive if there exists a € A such that (a, a) € R.

Arelation R on asetA 1s symmetric if whenever aRb then bRa.

that is, if whenever (a, b) € Rthen (b, a) € R.
Thus R 1s not symmetric if there exists a, b € A such that (a, b) € Rbut (b,a) ¢ R.

Arelation R on a set A 1s antisymmetric if whenever aRb and bRa then a = b,
that is, if @ # b and aRb then bRa.

Thus R is not antisymmetric if there exist distinct elements a and b in A such that aRb and bRa.

Arelation B onasetAls fransitive 1f whenever aRb and bRc then aRc,

that 1s, 1if whenever (a, b), (b, ¢) € R then (a, ¢) € R.

Thus R 1s not transitive if there exist a, b, ¢ € R such that (a, b), (b, c) € R but (a, c) ¢ R.




EXAMPLE

Consider the following five relations on the set A = {1, 2, 3, 4}:

Ry ={(1,1),(1,2),(2,3),(1,3),(4,4))
R>={(1,1)(1,2),(2,1),(2,2),(3,3), (4,4))
R = {(1,3). (2. 1))

R4 = 4, the empty relation

Rs = A x A, the universal relation

Determine which of the relations are reflexive.
Determine which of the relations are symmetric.

Determine which of the relations are antisymmetric.

Determine which of the relations are transitive.



EXAMPLE Consider the following five relations:

1) Relation < (less than or equal) on the set Z of integers.

2) Set inclusion € on a collection C of sets.

(
(
(3) Relation L (perpendicular) on the set L of lines in the plane.
(4) Relation || (parallel) on the set L of lines in the plane.

(

5) Relation | of divisibility on the set N of positive integers.
(Recall x | y 1f there exists z such that xz = .

Determine a validade ou nao das propriedades reflexixa, simétrica,
antissimétrica e transitiva das relacdes acima.



EQUIVALENCE RELATIONS

Consider a nonempty set S.
A relation R on S 1s an eguivalence relation it R 1s

reflexive, symmetric, and transitive.

That 1s, R 1s an equivalence relation on §

if it has the following three properties:
(1) Foreverya € §. aRa.

(2) If aRb, then bRa.
(3) If aRb and bRc, then aRc.



EXAMPLE

(a) Let L be the set of lines and let T be the set of triangles in the Euclidean plane.

(1) The relation “is parallel to or identical to” 1s an equivalence relation on L.

(11) The relations of congruence and similarity are equivalence relations on T.

(b) The relation C of set inclusion 1s not an equivalence relation.

It 1s reflexive and transitive, but it 15 not

symmetric since A € B does not imply 5 € A.



Propriedades de Relacgdes

Seja R uma relagao definida em um conjunto A.

* Se, para todo x € A, temos x R x, dizemos que R é€ reflexiva.

* Se, para todo x € A, temos x R x, dizemos que R é anti-reflexiva.

* Se, paratodox, y € A, temos x Ry = y R x, dizemos que R é simétrica.

* Se, paratodo x, y € A, temos (x Ry Ay R x) = x =y, dizemos que R € anti-simétrica.
® Se, paratodox, y,z€ A, temos (x Ry Ay R z) = x R z, dizemos que R é transitiva.





